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We explore the dynamics of relativistic quantum waves in a potential step by using an exact
solution to the Klein-Gordon equation with a point source initial condition. We show that in
both the propagation, and Klein-tunneling regimes, the Zitterbewegung effect manifests itself as a
series of quantum beats of the particle density in the long-time limit. We demonstrate that the
beating phenomenon is characterized by the Zitterbewegung frequency, and that the amplitude of
these oscillations decays as t−3/2. We show that beating effect also manifests itself in the free
Klein-Gordon and Dirac equations within a quantum shutter setup, which involve the dynamics of
cut-off quantum states. We also find a time-domain where the particle density of the point source
is governed by the propagation of a main wavefront, exhibiting an oscillating pattern similar to the
diffraction in time phenomenon observed in non-relativistic systems. The relative positions of these
wavefronts are used to investigate the time-delay of quantum waves in the Klein-tunneling regime.
We show that, depending on the energy difference, E , between the source and the potential step, the
time-delay can be positive, negative or zero. The latter case corresponds to a super-Klein-tunneling
configuration, where E equals to half the energy of the potential step.
PACS numbers: 03.65.Xp, 03.65.Ta, 03.65.-w
I. INTRODUCTION
Transient phenomena are ubiquitous in the field of
quantum dynamics where they have proven to be very
useful tools to explore and manipulate the features of
matter-waves[1–3]. Transients arise from the proper-
ties of quantum waves involving relativistic and non-
relativistic equations subject to sudden changes in the
initial condition. The most representative transient phe-
nomenon is the diffraction in time of free matter-waves,
predicted in Ref. 4 using a quantum-shutter setup that
deals with cut-off initial states. The experimental ob-
servations of diffraction in time were later realized in
experiments with ultracold atoms [5], cold-neutrons [6],
and atomic Bose-Einstein condensates [7]. The under-
standing and control of the features of diffraction in time
are of relevance, for example, in the field of atom lasers
[8–10], which operate by extracting matter-waves from
Bose-Einstein condensates. Some later theoretical works
have also addressed the study of transients using vari-
ous initial quantum states, as well as generalizations of
the shutter model in order to explore different types of
transients associated to the buildup process, resonance
scattering, and tunneling dynamics in different potential
profiles. For a review on the subject, see for example
Ref. [2]. Moshinsky’s pioneering quantum shutter model
deals also with the dynamics of free particles of spin 0 and
1/2, involving the Klein-Gordon [4] and Dirac [11] equa-
tions, respectively. The dynamical features of relativistic
quantum waves have also been explored with initial con-
ditions other than the quantum shutter setup. This is
the case of the point source initial condition problem that
∗Electronic address: villavics@uabc.edu.mx
has been of great interest since the original proposal by
Stevens [12] of tunneling monochromatic fronts. Aside
from the controversy regarding the propagation of such
tunneling wavefronts [13–15], the issue was later investi-
gated in Refs. 16 and 17, that showed the existence of
non-tunneling forerunners in evanescent media, with the
interesting result that the time of arrival of these tran-
sient structures is governed by the traversal or Bu¨ttiker-
Landauer time [18]. These works were developed in the
context of Schro¨dinger’s equation, and later inspired the
study of relativistic transient forerunners with evanescent
conditions using a Klein-Gordon type equation [19]. Al-
though in these works the study of precursors and their
relevant time scales have been of great interest in the
problem of time-dependent features of wave propagation
in evanescent media, there are other aspects predicted by
quantum electrodynamics that have been not been fully
explored (or overlooked) using a relativistic point source
model. This is the case, for example, of the transient
features of quantum waves in the Klein-tunneling regime,
and the Zitterbewegung (ZBW) effect. Interestingly, these
types of phenomena originally predicted in the context of
quantum electrodynamics, have received a renewed inter-
est due to the prediction of such relativistic effects in 2D
material such as graphene [20]. In fact, the ZBW effect
[21, 22], and Klein-tunneling have now become accessible
to experiments [23, 24], and also the importance of tran-
sient nature of the ZBW has been stressed out [25]. Theo-
retical models dealing with Gaussian wavepacket dynam-
ics have proven to be powerful methods to study transient
quantum wave dynamics and ZBW phenomena in phys-
ical systems such as semiconductors [26–29], monolayer
and bilayer graphene [22, 25, 30–33], silicene [34, 35], and
phosphorene [36]. Recently, a signature of the ZBW ef-
fect in the particle density has been reported in a model
involving the dynamics of a massive Dirac particle in the
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2vicinity of a black hole [37], using an initial Gaussian
wave.
In this work we propose an alternative approach of
addressing ZBW phenomena by exploring the relativis-
tic dynamics using a point source model. We study the
transient features of relativistic quantum waves by using
a time-dependent solution to the Klein-Gordon equation
for a potential step with a point source initial condition.
Our aim is to show that the ZBW effect reveals itself
in the long-time behavior of the particle density as a se-
ries of quantum beats, and that this feature provides us
with a useful alternative tool to explore the ZBW. We
also characterize the dynamical features of the propa-
gation and Klein-tunneling regimes for different source
energies. Our work is organized as follows: in Sec. II we
present the main features of the relativistic point source
model for a potential step, and set the main equations.
In Sec. III we explore the dynamics of quantum waves,
and finally in Sec. IV we present the conclusions.
II. POINT SOURCE MODEL FOR A
POTENTIAL STEP
Let us consider the one-dimensional Klein-Gordon
equation for a scalar potential U(x) in the Coulomb-
Gauge,
∂2xψ(x, t) = µ
2 ψ(x, t)−
[
i
c
∂t − U(x)~c
]2
ψ(x, t), (1)
where µ = mc/~, for a step potential U(x) defined as
U(x) =
{
Ur, x ≥ 0;
0, x < 0,
(2)
with constant Ur > 0. Our choice of Klein-Gordon equa-
tion to study transient relativistic phenomena of spin 0
particles, is for simplicity. This is because in the case
of Dirac particles of spin 1/2, the spin is irrelevant [4] in
the dynamics when choosing a fixed initial spin direction.
Thus, it is expected that the main features observed in
the time-evolution of relativistic spinless systems, also
manifest themselves in systems with spin 1/2.
The point source problem for a step potential barrier
involves the solution of Eq. (1) with the initial condition
of a source with sharp onset, namely,
ψ(0, t) =
{
e−iEct, t > 0;
0, t < 0,
(3)
that follows from the general stationary solution to
Eq. (1) given by ψ(x, t) = ei(kx−Ect), with a dispersion
relation
(E − V )2 = k2 + µ2, (4)
where E = (Er/~c), and V = (Ur/~c), are the energies in
units of the reciprocal length, with k the corresponding
momentum. To obtain an exact time-dependent solution
for x > 0 and t > 0, we propose a solution of the form
ψ(x, t) = ψ0(x, t) e
−iV ct, (5)
that allows to rewrite Eq. (1) as a free-type equation,
∂2xψ0(x, t) = µ
2 ψ0(x, t) +
1
c2
∂2t ψ0(x, t), (6)
with the initial condition,
ψ0(0, t) =
{
e−iEct, t > 0;
0, t < 0,
(7)
with E = (E − V ) defined as the energy of an equivalent
free-type source. The time-dependent solution ψ0(x, t)
can be obtained from Eq. (6) with the initial condition
given by Eq. (7), by following the procedure discussed in
Refs. 19 and 38. For completeness, in Appendix A we
discuss the solution method for the free-type case. Thus,
the relativistic solution for the point source problem for
a potential step reads,
ψ(x, t) =
{
ψ+(x, t) + ψ−(x, t), t > x/c;
0, t < x/c,
(8)
where we have defined ψ±(x, t) as
ψ±(x, t) =
[
ei[±kx−Ect] +
1
2
J0(η)
−
∞∑
n=0
(ξ/iz±)nJn(η)
]
e−icV t. (9)
An alternative representation of Eq. (9) can be ob-
tained with the help of the Bessel generating function
e
ν
2 (z−z−1) =
∑∞
m=−∞ z
mJm(ν), that leads us to an ex-
pansion
∞∑
n=0
(
ξ
iz±
)n
Jn(η) = e
i[±kx−Ect] (10)
−
∞∑
n=1
(−1)n
(
iz±
ξ
)n
Jn(η),
so, Eq. (9) may also be written in the form
ψ±(x, t) =
[
1
2
J0(η) +
∞∑
n=1
(−1)n(iz±/ξ)nJn(η)
]
e−icV t,
(11)
which will be useful for the analysis of the region close to
the relativistic cutoff, and also for the long-time behavior
of the relativistic quantum wave. We shall use solution
(8) to calculate the particle density ρ(x, t) defined as
ρ(x, t) = − ~
mc2
Im [ψ∗∂tψ]− Ur
mc2
ψ∗ψ, (12)
in order to explore its main transient features as function
of time and position in the different energy regimes.
3III. QUANTUM WAVE EVOLUTION
We use the solution ψ(x, t) given by Eq. (8) to explore
the particle density ρ(x, t) [Eq. (12)], as function of po-
sition x and time t, for a potential step of intensity V ,
and a source energy, E. From the dispersion relation
given by Eq. (4), the momentum k deals with real or
imaginary values, which defines the different regimes of
interest. These regimes are governed by the dispersion re-
lation Eq. (4), corresponding to propagation (E > V +µ)
with real positive values of momentum k = +
√
E2 − µ2,
the evanescent case (V − µ < E < V + µ) involving
imaginary values of momentum k = i
√
µ2 − E2, and the
Klein-tunneling regime (E < V −µ) with negative values
of momentum k = −
√
E2 − µ2. See Fig. 1.
E
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FIG. 1: Step potential of intensity V , and the energy range of
the different regimes corresponding to: (i) propagation regime
(E > V + µ), (ii) evanescent case (V − µ < E < V + µ), and
(iii) Klein-tunneling regime (E < V − µ). Here and in all of
our numerical calculations we use ~ = m = c = 1.
In sections III A, and III B, we will first focus on char-
acterizing the time-dependent features of quantum waves
with real values of k, namely, the propagation and Klein-
tunneling regimes, respectively. In section III C we study
and characterize the ZBW phenomenon in these regimes
of interest, by exploring the long-time behavior of the
particle density. In Sec. III D we show that the quan-
tum beat phenomenon of the ZBW effect also manifest
itself for relativistic particles of spin 0 and 1/2, within a
quantum shutter model involving the free Klein-Gordon
[4] and Dirac equations [11].
A. Propagation regime
The propagation regime corresponds quantum waves
with real positive values of momentum (see Fig. 1), and
is similar to Schro¨dinger’s step potential case [17], where
the energy is above the step. We consider in Fig. 2(a)
the time-evolution of ρ(x, t), where the density exhibits
a sharp relativistic wavefront at a time tF = (x/c). The
dynamics of this relativistic front is governed by the so-
lution (8) using Eq. (11), wherein the limit x → ct
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FIG. 2: (a) Time-evolution of the particle density ρ [Eq. (12)]
at the position x = 10.0 for V = 0.2, and different values
of the source energy, E. The stationary density ρ = E (grey
dotted line) is included for comparison in all cases. The den-
sity exhibits an oscillating pattern similar to diffraction in
time phenomenon. The velocity of the main wavefronts in-
creases as the energy of the source E (or the free-type energy
E) increases. (b) Dynamical delay ∆t of the free-type den-
sity (orange solid line) with respect to the free point source
case (V = 0) (blue dashed line) for the case E = 1.6. (c)
Time-evolution of ρ at the position x = 10.0 for high energy,
E = 5 and V = 0.5, where we can see a distortion respect
with the time-evolution shown in case (a). The stationary
solution (gray solid line) is also included.
4the arguments of the Bessel functions Jν(η) are very
small (i.e. η ' 0). Therefore, by using the asymp-
totic form of the Bessel function for small arguments [39],
Jν(η) ' (η/2)ν (ν!)−1, and identifying the resulting ex-
ponential series expansions, we obtain the solution,
ψ(x, t) '
[
−1 + e−iµz+ (ct−x)/2 + e−iµz− (ct−x)/2
]
e−icV t,
(13)
used in our calculation of the density in the vicinity of the
relativistic wavefront. In all cases discussed in Fig. 2(a),
for values of tF onward, ρ(x, t) grows towards a maximum
value from which it oscillates until it reaches the station-
ary value, governed by the plane-wave ψs → ei(kx−Ect).
The corresponding stationary density ρ = E is included
for comparison in Fig. 2(a). The oscillations of ρ(x, t)
in Fig. 2(a) resemble the diffraction in time effect pre-
dicted in Ref. 4 for the case of non-relativistic free
matter-waves. The time-diffraction effect is an oscilla-
tory pattern exhibited by the probability density within
a quantum shutter setup involving cut-off plane waves
[4, 40], resembling the optical diffraction of light by a
semi-infinite plane. Interestingly, in our relativistic case,
our solutions ψ±(x, t) [Eq. (9)] can be expressed in terms
of Lommel functions of two variables, originally intro-
duced in the context of optical diffraction problems [41].
Moreover, we can appreciate in Fig. 2(a) that the main
wavefront propagates along the structure with a velocity
that is proportional to E (or E). Also, the main wave-
fronts associated with higher energies are faster than the
wavefronts with lower energies. In Fig. 2(b) we compare
the densities for the free-type case and the free point
source (V = 0). We show that the density associated
to the free-type case, exhibits a dynamical time-delay
∆t = (t0 − tV ), obtained by measuring the difference
of the position of the maximum values of ρ(x, t) at t0
and tV , corresponding to the free case and the free-type
source, respectively. For the propagation regime the en-
ergy of the free-type source, E , is always smaller than
the energy of the free source, E, that is, E < E, and
as a consequence, a time-delay (positive delay) is always
observed.
The general features of relativistic quantum waves in
the propagation regime Fig. 2 can be summarized as fol-
lows. A precursor associated to the quantum wave prop-
agates at a velocity c, which characterizes the arrival of
an early signal. At later times, this precursor is then fol-
lowed by a main wavefront, exhibiting an effect similar to
diffraction in time. The main wavefront of the particle
density always exhibits a positive time-delay (∆t > 0) in
the propagation regime. There is another regime where
the momentum k is also real. This is the so-called Klein-
tunneling regime that we shall study in the next section
with the help of the results obtained in the present sec-
tion.
B. Klein-tunneling regime
The Klein regime is characterized by a source energy
below the potential step, with a real negative value of
momentum (see Fig. 1), that has no non-relativistic [17]
counterpart. In Fig. 3 we analyze the time-dependent
features of the density in the Klein regime. Since ρ < 0,
and also to simplify the comparison with the free source
case, we plot |ρ(x, t)| to help the eye. We observe that,
although the energy of the source is below the step, the
density exhibits features typical of quantum wave prop-
agation, as well as the diffraction in time transient, as
discussed in Sec. III A. However, the observed result in
the Klein regime that quantum waves with a lower source
energy E are faster than those with lower energies, ap-
parently contradicts the results of Sec. III A.
x,
t)|
0.0
0.8
1.6
2.4
t 
0.0 20.0 40.0 60.0 80.0 100.0
E=1.2
E=1.5
E=1.8
FIG. 3: Time-evolution of the particle density |ρ(x, t)|
[Eq. (12)] in the Klein-tunneling regime for V = 3.0 at a
fixed value of position x = 10.0, for different values of the
source energy, E.
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FIG. 4: Time evolution in the Klein-tunneling regime of the
particle density |ρ(x, t)| [Eq. (12)] at a fixed position x =
10.0 for a potential step with V = 3.0 (orange solid line) for
different values of the source energy, E, and compared with
the free case (V = 0) density (blue dashed line). (a) For an
energy E = 1.8 we observe a positive delay (time-delay), while
in case (b) with E = 1.2 a negative delay (time-advance) is
observed. In case (c) a source energy E = 1.5 yields ∆t = 0.
See the inset for the comparison of the positive and negative
densities, ρ(x, t).
Nevertheless, we shall see that there is no contradic-
tion at all if we analyze the behavior of the wavefronts in
terms of the free-type energy of the source, E instead of
E, as we discuss below in the context of the dynamical
time-delay. In this respect, we observe a peculiar effect
of the dynamical delay ∆t associated to the particle den-
sity. In Fig. 4, we compare the time of arrival the main
wavefront of the density associated to the potential with
respect to that related to the free case. In Fig. 4(a) and
Fig. 4(b) we observe that the dynamical delay can be
positive (time-delay) or negative (time-advance), respec-
tively. For example, in the case of Fig. 4(a) (Fig. 4(b))
we can appreciate that |E| < E (|E| > E) so the prop-
agation of a faster (slower) main wavefront gives rise to
a time-delay (time-advance). Interestingly, in the case
of |E| = E shown in Fig. 4(c), no time delay or ad-
vance is observed due to the same velocity of both wave-
fronts. We have found that the dynamical time-delay ∆t
for the particle density in the Klein regime exhibits a
time-delay for V/2 < |E| < V − µ or a time-advance for
< µ < |E| < V/2, as long as the condition for V > 2µ
is fulfilled. For the case |E| = V/2, ∆t = 0 i.e. there is
no time-delay or time-advance observed for the particle
density. Interestingly, in the stationary dispersion prob-
lems, the incidence condition |E| = V/2 (or incidence at
E = V/2) gives rise to the so-called super-Klein tunneling
[42].
C. Zitterbewegung and the particle density
The ZBW effect [43] (trembling motion) is due to the
interference between the positive and negative-energy so-
lutions of relativistic equations. The high-frequency os-
cillations of free-Dirac particles are governed by a fre-
quency Ω = (2mc2/~), of the order of 1021 Hz, not ac-
cessible by present experimental techniques. An alterna-
tive approach to experimentally explore the ZBW is by
implementing simulations of relativistic quantum effects
within different physical setups. The pioneering work
in solids by Schliemann [27] and Zawadzki [29] demon-
strated that semiconductor electrons experience a ZBW
effect, by establishing an analogy between the band struc-
ture of narrow-gap semiconductors and the Dirac equa-
tion for electrons in vacuum. Since then, experimental
observations of ZBW phenomenon have been performed
in simulations involving two-dimensional sonic crystal
slabs [44], optical superlattices [45], trapped ions [24],
and Bose-Einstein condensates [46]. Other interesting
proposals on measuring ZBW deal with new materials
like graphene [47], where circularly polarized light [48] is
used to create a semiconductor-like spectrum in mono-
layer graphene, creating a system similar to the narrow-
gap semiconductors of Ref. 29, which are known to ex-
hibit the ZBW. On the theoretical side, the ZBW is ex-
plored by means of the time-evolution in Heisenberg’s
picture of the expectation value of the electrons posi-
tion for wave packets [22, 26–28, 30–36]. We propose
6an alternative time-dependent approach to address the
issue of ZBW, by exploring the features of the proba-
bility density at very long-times (t  tF ), which allows
us to describe the dynamics using simple asymptotic for-
mulas. In Fig. 5(a) we consider the time-evolution of
ρ(x, t), which exhibits high-frequency oscillations around
the stationary value, similar to a superposition of quan-
tum waves with different frequencies. To identify the un-
derlying quantum superposition, we derive an asymptotic
formula for the particle density ρa(x, t) at very long times
for the propagation regime. We have found that the solu-
tion for t tF is ψ(x, t) ≡ ψP (x, t) = ψP+(x, t)+ψP−(x, t),
with
ψP+(x, t) '
{
ei[kx−(E−V )ct] − 1
2
J0(µct)
+i
(
ξ
z+
)
J1(µct)
}
e−icV t, (14)
and
ψP−(x, t) '
[
1
2
J0(µct)− i
(
z−
ξ
)
J1(µct)
]
e−icV t, (15)
thus, the solution for large values of t is
ψP (x, t) ' ψ+s (x, t)+ i
(
ξ
z+
− z−
ξ
)
J1(µct)e
−icV t, (16)
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FIG. 5: (a) The ZBW effect manifests in the solution of the
point source model a series of quantum beats in the long-time
behavior of particle density calculated from Eq. (8) (blue solid
line) with an energy E = 10.0, and V = 0.5 for a fixed value of
position x = 10.0. The asymptotic density ρa (orange dashed
line) reproduces the transient behavior. The exact period of
the beatings, T = pi, is indicated in the density plot. The
contributions to the asymptotic ρa given by (b) ρµ (blue solid
line), and (c) ρE (orange solid line) exhibit a beating effect
governed by the ZBW frequency, Ω.
where ψ+s (x, t) = e
i(kx−Ect) stands for the stationary
solution. To obtain the long-time leading contributions
of Eq. (16), we perform some algebraic manipulations in
the prefactor of the Bessel function in Eq. (16), and use
the principal asymptotic form of the Bessel function [39]
Jν(y) ' (2/piy)1/2[cos(y − piν/2− pi/4)], to obtain,
ψP (x, t) ' ψ+s (x, t) +
iα
z+
e−icV t
t3/2
cos
[
µct− 3pi
4
]
, (17)
with α = (2/piµc)1/2(2x/c). Note that in the limit t →
∞, that the time-dependent solution tends to the sta-
tionary case i.e. ψP (x, t)→ ψ+s (x, t), as expected in the
propagation regime. Thus, the particle density ρa(x, t)
for the propagation regime is given by ρa ' ρE + ρµ with
ρE ' ~
mc
[E
2
− α E
z+t3/2
sin(kx− ωt)
× cos
(
Ω t+ pi2
2
)]
; (18)
ρµ ' ~
mc
[E
2
− αµ
z+t3/2
cos(kx− ωt)
× sin
(
Ω t+ pi2
2
)]
, (19)
where the frequency of the beats is given by the ZBW
frequency Ω = 2µc = (2mc2/~), and ω = Ec corresponds
to the frequency of the point source. From Eqs. (18) and
(19), we show that the ZBW effect emerges as a transient
in the probability density, characterized by a superposi-
tion of two sinusoidal signals that exhibit a beating effect
with a frequency Ω. The amplitude of these transient os-
cillations decays as t−3/2, and the stationary regime is
reached as t→∞, and ρ→ E , as expected. The beating
effect is accurately described by Eqs. (18) and (19), as
illustrated in Fig. 5(a), where we show the asymptotic
density ρa, and compare it with the exact density com-
puted using Eq. (8). Also, from Fig. 5(b) and 5(c) we
can appreciate that the amplitude of the oscillations for
ρE are larger than those exhibited by ρµ, which is consis-
tent with the fact that |E| > µ, and verified by inspection
of Eq. (19). The exact value of the beating period for the
cases discussed in Fig. 5(a) is T = 2piΩ−1 = pi, as illus-
trated in the figure. A similar behavior (not shown here)
of the ZBW oscillations (beatings) was also observed in
the Klein-tunneling regime, and the corresponding for-
mulas for the density in the long-time regime can be de-
rived in the same fashion as in the propagation case.
Interestingly, the observation and characterization of
the beating effect has been overlooked in studies that
have addressed the problem of relativistic transients us-
ing different initial conditions [4, 11, 49]. This is the case
of the relativistic dynamics involving Klein-Gordon [4]
and Dirac [11, 49] equations, that deal with cut-off plane
wave initial conditions within a quantum shutter setup.
In fact, although not reported in Refs. 4 and 11, we shall
show in Sec. III D that the free Klein-Gordon [4] density
and the Dirac [11] probability density within a quantum
shutter setup exhibit similar beating effects associated to
the ZBW phenomenon.
7D. Comparison with the free relativistic quantum
shutter model
We compare the results obtained for a point source
model with those of systems involving a relativistic quan-
tum shutter setup. In general, while the quantum source
problem involves an initial condition at x = 0 of the
form Ψ(x = 0, t) = e−iEctΘ(t), the relativistic quantum
shutter model deals with cut-off plane waves at t = 0 of
the form Ψ(x, t = 0) = eikxΘ(−x) (Klein-Gordon case),
and as a two-component spinor of the formΨ(x, t = 0) =
[..., ...]T eikxΘ(−x) (Dirac case). In particular, the Klein-
Gordon shutter problem [11] for a free particle of spin 0,
deals with the solution of Eq. (1), with the initial con-
dition at t = 0 given by ΨKG(x, 0) = e
ikxΘ(−x), and
[∂tΨKG]t=0 = −icEeikxΘ(−x). In our discussion of the
Klein-Gordon and Dirac shutter models, we shall con-
sider the free dispersion relation given by E2 = k2 + µ2,
where E is the energy in units of the reciprocal length.
The time-dependent solution ΨKG(x, t) is obtained by
using the Fourier transform method [11],
ψKG(x, t) =
[
ei(kx−Ect) +
1
2
J0(η)−
∞∑
n=0
(ξ/iz)nJn(η)
]
× Θ(t− x/c), (20)
where z = (E + k)/µ. We have found that the be-
havior of the above solution for t  tF is governed by
ψKG(x, t) ' ei(kx−Ect)− 12J0(η), and following the proce-
dure used in the point source case, we demonstrate that
the free-density is given by ρKG ' ρKG,E + ρKG,µ with
ρKG,E ' ~
mc
[
E
2
− αKGE
t1/2
cos(kx− ωt)
× cos
(
Ω t− pi2
2
)]
; (21)
ρKG,µ ' ~
mc
[
E
2
+
αKG µ
t1/2
sin(kx− ωt)
× sin
(
Ω t− pi2
2
)]
, (22)
where αKG = (2piµc)
−1/2. The frequency of the quan-
tum beats is given by the ZBW frequency Ω = 2µc, and
ω = Ec corresponds to the frequency of the cut-off ini-
tial plane wave. In Fig. 6(a) we plot the time-evolution of
the exact particle density in the long-time regime using
Eq. (20), and we show the appearance of the quantum
beat phenomena associated to the ZBW effect. We also
include for comparison the asymptotic probability ρKG
and a perfect agreement is observed.
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FIG. 6: The ZBW effect in relativistic plane wave shutter
models involving (a) free Klein-Gordon particles of spin 0 and
(b) Dirac particles of spin 1/2. In both cases the ZBW effect
appears as a series of quantum beats in the long-time behavior
of particle density. In case (a) we plot the exact Klein-Gordon
density using Eq. (20) (orange solid line), and the correspond-
ing asymptotic density ρKG. In case (b) we plot the exact
Dirac probability density ρ = |ψ1|2 + |ψ2|2 (orange solid line)
using Eq. (25), and the corresponding asymptotic probability
density, ρD. In both cases we consider an energy E = 10.0,
and a fixed value of position x = 10.0.
The quantum shutter problem for spin 1/2 free par-
ticles in one-dimension [11, 49], involves the solution of
Dirac equation for a two-component spinor ΨD(x, t) =
[ψ1(x, t), ψ2(x, t)]
T , which satisfies,[σ0
ic
∂t +
σx
i
∂x + µσz
]
ΨD(x, t) = 0, (23)
where the helicity is conserved, and σi are the Pauli
matrices. The corresponding cut-off initial condition at
t = 0 is,
ΨD(x, 0) =
[
1
k
E+µ
]
(E + µ)1/2 eikx Θ(−x). (24)
Moshinsky [11] showed that the solution of Eq. (23) with
the initial condition Eq. (24), is given by the spinor,
ΨD(x, t) =
{( µ
2z
)1/2([ −1
1
]
J0(η) +
[
z + 1
z − 1
]
Φ(x, t)
)}
× Θ(t− x/c), (25)
with Φ(x, t) defined as,
Φ(x, t) = ei(kx−Ect) −
∞∑
n=1
(ξ/iz)nJn(η). (26)
Note that in the Dirac solution Eq. (25), the spinor com-
ponents are linear combination of Klein-Gordon type so-
lutions similar to Eq. (20). We have found that the long-
time behavior of ΨD(x, t) can be accurately described by
8using Φ(x, t) ' ei(kx−Ect)−(ξ/iz)J1(η) in Eq. (25), which
allows us to obtain a simple approximate formula for the
Dirac probability density ρD = Ψ
†
DΨD = ρD,E + ρD,µ,
given by
ρD,E ' E − αD µ
(E + k)
1
t1/2
2E sin(kx− ωt)
× cos
(
Ω t+ pi2
2
)
; (27)
ρD,µ ' E − αD µ
(E + k)
1
t1/2
µ cos(kx− ωt)
× sin
(
Ω t+ pi2
2
)
, (28)
with αD = (8/piµc)
1/2. A plot of ρD is shown in Fig. 6(b),
where the beating phenomena of the ZBW effect is ob-
served. Notice also that for both Klein-Gordon and Dirac
quantum shutter models, the corresponding density and
probability density exhibit similar features in the time-
domain. Also, we found that the long-time behavior of
the densities for the shutter model is governed by t−1/2,
while in the case of the point source model the dynamics
is governed by a t−3/2 behavior. Interestingly, these ideas
have been recently applied to explore transients in two-
dimensional Dirac systems like graphene [50]. The time-
dependent solution obtained in Ref. 50 within a quantum
shutter setup is a two-component spinor whose compo-
nents are linear combination of free Klein-Gordon solu-
tions of the type given by Eqs. (9) or (20).
We stress that the beating phenomenon observed in
the long-time regime of the particle density, provides an
alternative way to study the ZBW effect. As discussed
in Sec. III C the ZBW for Dirac-particles is not acces-
sible by today experimental techniques since the effect
corresponds to very high oscillation frequencies ∼ 1021
Hz. Systems that mimic Dirac physics [24, 44–46] have
opened the possibility to measure the ZBW in more ac-
cessible frequency regimes. For example, in graphene
monolayers the dynamics of low-energy electron excita-
tions are described by a Dirac-like equation. We have
recently shown that in these two-dimensional Dirac-like
systems [50], the transient probability density exhibits
quantum beats with a ZBW frequency in the terahertz
regime. The latter is accessible to experiments, and we
suggest that the quantum beat phenomena of ZBW can
be probed by means of current detection (instead of prob-
ability density) at ultrafast time-scales with high tempo-
ral resolution.
IV. CONCLUSIONS
We study the time-dependent features of quantum
waves in the propagation and Klein-tunneling regimes
of a potential step, by using an exact analytical solution
to the Klein-Gordon equation with a point source initial
condition. We show that the long-time behavior of the
particle density exhibits a series of quantum beats charac-
terized by the ZBW frequency, and that the amplitude of
these transient oscillations decays as t−3/2. We also show
that the quantum beat phenomenon is a robust effect that
also manifest itself for free relativistic particles of spin
0 and 1/2, within a quantum shutter model for Klein-
Gordon [4] and Dirac [11] equations. We also find a time-
domain where the density of the point source is charac-
terized by a traveling main wavefront, which exhibits an
oscillating pattern similar to the diffraction in time phe-
nomenon [4] observed in the non-relativistic case. By
measuring the relative positions of the main wavefronts
associated to the step potential and free-case densities,
we explored the features of time-delay, by implementing
a criterion based on the energy difference, E , between the
point source and the potential step. We demonstrate that
while in the propagation regime the density always ex-
hibits a positive time-delay, in the Klein-tunneling regime
the delay may be positive, negative or zero. The latter
case corresponds to the so called super-Klein-tunneling
configuration, where E equals to half the energy of the
potential step.
Finally, we argue that our alternative approach for in-
vestigating the ZBW effect opens the possibility for ex-
ploring this phenomenon in the probability density of
Dirac fermions, by using different types of cut-off initial
conditions. Although the ZBW in these relativistic sys-
tems is not accessible for experimental verification due
to the high frequencies involved, we argue that 2D Dirac
matter systems, like graphene in the low-energy regime,
are ideal candidates for exploring the transient behav-
ior of ZBW using cut-off quantum waves [50]. This is
because in graphene [51] the Dirac fermions move with
speeds hundreds of times smaller than the speed of light
c, and hence this effect can manifest itself in the more
accessible frequency range of terahertz.
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Appendix A: Point source problem for the free-type
case.
We include here for completeness the procedure for
obtaining the solution for the free-type case follow-
ing the procedure of Ref. 19, which involves Laplace-
transforming Eqs. (6) and (7), using the standard defini-
tion
ψ˜(x; s) =
∫ ∞
0
ψ(x, t) e−stdt. (A1)
The Laplace transformed solution to Eq. (6) reads,
ψ˜0(x; s) = α e
−
√
s2+µ2c2 x/c, x ≥ 0, (A2)
9and the Laplace transform of the initial condition [Eq.
(7)] is given by
ψ˜0(0; s) =
1
s+ icE . (A3)
The matching of Eqs. (A2) and (A3) at x = 0, yields,
ψ˜0(x; s) =
e−
√
s2+µ2c2 x/c
s+ icE , x ≥ 0. (A4)
The time-dependent solution ψ0(x, t) for x ≥ 0 is ob-
tained by performing the inverse Laplace transform of
ψ˜0(x; s) by using the Bromwich inversion integral, which
after some algebraic manipulations, yields,
ψ0(x, t) = ψ
+
0 (x, t) + ψ
−
0 (x, t), (A5)
with
ψ±0 (x, t) =
1
2pii
γ+i∞∫
γ−i∞
1
2
(s− icE) e−
√
s2+µ2c2 x/c est(√
s2 + µ2c2 ± ikc
)√
s2 + µ2c2
ds,
(A6)
where the integration is performed along a vertical line
Re[s] = γ in the complex s-plane, and all the singularities
remain to the left-hand side of the line. We evaluate (A6)
by using the change of variable −iu = [(s2 + µ2c2)1/2 +
s]/µc, which allows to write the integrals as,
ψ±0 (x, t) = −
1
2pii
iγ′+∞∫
iγ′−∞
F±(u) du, (A7)
where F±(u) is given by
F±(u) = 1
2u
[
u+ z±
u− z±
]
e
i
2µ[u(x−ct)−u−1(x+ct)], (A8)
with z± = (E ±k)/µ. The integration is performed along
the line L given by Im[u] = γ′ in the complex u-plane,
where all the singularities remain below L. We apply the
Cauchy theorem to evaluate the integral for (A8). Let
us first consider the case x > ct, where we close the inte-
gration path L from above with a large semicircle Γ1 of
radius R, forming the closed contour C1. The contribu-
tion along Γ1 vanishes as R→∞, and since there are no
poles enclosed by C1, the solution yields ψ0(x, t) = 0 for
x > ct. The second case corresponds to x < ct, where we
close the path L from below with a large semicircle Γ2
of radius R, forming the closed contour C2, which also
encloses two small circles C0, and C± around an essen-
tial singularity at u = 0, and simple poles at u = z±,
respectively. The Cauchy integral formula yields,
ψ±0 (x, t) =
1
2pii
[∫
C0
+
∫
C±
]
F±(u) du. (A9)
The integrals corresponding to the contours C± enclosing
the simple poles are given by,
1
2pii
∫
C±
F±(u) du = ei[±kx−Ect], (A10)
and the contour integration about C0, which involves an
essential singularity at u = 0, has already been obtained
by Moshinsky [4] for the Klein-Gordon quantum shutter
problem. Thus, the resulting integral is,
1
2pii
∫
C0
F±(u) du = −
∞∑
n=0
(ξ/iz±)nJn(η)− 1
2
J0(η),
(A11)
with η = µ (c2t2 − x2)1/2, and ξ = [(ct+ x)/(ct− x)]1/2.
By substituting the results (A10) and (A11) into (A9),
the solution ψ0(x, t) for x > ct is obtained. Therefore,
the free-type relativistic solution is
ψ0(x, t) =
{
ψ+0 (x, t) + ψ
−
0 (x, t), t > x/c;
0, t < x/c,
(A12)
where the solutions ψ±0 (x, t) are written as,
ψ±0 (x, t) = e
i[±kx−Ect] +
1
2
J0(η)−
∞∑
n=0
(ξ/iz±)nJn(η).
(A13)
By substituting Eq. (A13) in Eq. (5) we obtain the final
solution for point source problem for a potential step,
given by Eq. (8).
Appendix B: Non-relativistic limit of ψ(x, t)
The non-relativistic limit is obtained from the integral
form of the solutions ψ±0 (x, t) [Eq. (A6)], that can be
written with the help of the result (s2+µ2c2)1/2 ' (µ2−
iβ/2)1/2 for a very large value of c, as
ψ
(S)
0 (x,±k, t) '
1
2pii
(B1)
×
 γ+i∞∫
γ−i∞
1
2
(s− icE) e−
√
µ2−iβ/2 est
c2
√
µ2 − iβ/2
(√
µ2 − iβ/2∓ ik
) ds
 ,
(B2)
where β = (2m/~). By performing the change o variable
−√µ2 + β/2i = i√βs′ in Eq. (B2), we obtain,
ψ
(S)
0 (x,±k, t) ' e−iµct
1
2pii
(B3)
×
 γ+i∞∫
γ−i∞
(2s′/c2 − iβ/2− iE/c) ei
√
βis′ e2s
′t
−√βis′ (√βis′ ∓ k) ds′
 .
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By taking the limit c→∞, (E/c)→ 0 and (2s′/c2)→ 0,
the asymptotic solutions ψS(x,±k, t) behave as,
ψ
(S)
0 (x,±k, t) ' e−i
µ
2 ct
′ 1
2pii
×
 γ+i∞∫
γ−i∞
(
iβ
2
)
ei
√
βis′ es
′t′
√
βis′
(√
βis′ ∓ k) ds′
 , (B4)
where t′ = 2t. We can identify in Eq. (B4) the integral
representation of the Moshinsky’s function
M(x, q, t) =
1
2pii
γ+i∞∫
γ−i∞
(
iβ
2
)
ei
√
βis′ es
′t′
√
βis′
(√
βis′ − q) ds′,
with q = ±k. Therefore,
ψ
(S)
0 (x,±k, t) ' e−i
µ
2 ctM(x,±k, t), (B5)
and thus, ψ0(x, t) is given by
ψ
(S)
0 (x, t) = e
−iµ2 ct [M(x, k, t) +M(x,−k, t)]. (B6)
From Eq. (5), we finally obtain the no-relativistic limit
of the Klein-Gordon solution for a potential step
ψ(S)(x, t) = e−i
µ
2 ct
{
[M(x, k, t) +M(x,−k, t)] e−iUrt/~
}
,
(B7)
which coincides with the analytical solution of
Schro¨dinger’s equation for a point source initial condi-
tion for a step potential barrier [17].
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